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We investigated the two-dimensional electron momentum distributions of atomic negative ions
in an intense laser field by solving the time-dependent Schr?dinger equation (TDSE) and using
the first- and 2nd-order strong-field approximations (SFA). We showed that photoelectron energy
distributions and low-energy photoelectron momentum spectra predicted from SFA are in reason-
able agreement with the solutions from the TDSE. More importantly, we showed that accurate
electron-atom elastic scattering cross sections can be retrieved directly from high-energy electron
momentum spectra of atomic negative ions in the laser field. This opens up the possibility of mea-
suring electron-atom and electron-molecule scattering cross sections from the photodetachment of
atomic and molecular negative ions by intense short lasers, respectively, with temporal resolutions
in the order of femtoseconds.
I. INTRODUCTION
In the past two decades, the energy and momentum
spectra of electrons generated by the ionization of atoms
or detachment of negative ions by intense laser pulses
have been widely investigated [1, 2]. In particular, the
detachment of negative hydrogen and fluorine ions in
intense laser fields have been reported in experiments
[3, 4, 5, 6, 7] and in theory [8, 9, 10, 11, 12, 13, 14], using
either the strong-field approximation (SFA) or by solv-
ing the time-dependent Schr?dinger equation (TDSE).
These studies have shown that experimentally observed
spectra are largely well reproduced by theoretical calcu-
lations. However, the electrons measured in these exper-
iments tend to be restricted to low energies, and SFA
and TDSE calculations are often carried out by separate
groups using different additional approximations.
In this paper, we studied the photodetachment of H−
and F− negative ions in short intense laser pulses. Our
goal is to examine the electron energy distributions and
two-dimensional (2D) electron momentum spectra over
a broad energy range, from the threshold up to 10 UP,
where UP is the ponderomotive energy. We will use the
standard first-order SFA (SFA1) and the second-order
SFA (SFA2) to describe the photodetachment process, as
well as obtaining the same spectra by solving the TDSE
directly. The negative ion will be approximated by a
model potential and the same potential is used in the
SFA and TDSE calculations. We will establish, based on
specific numerical results, the accuracy of the SFA for de-
scribing the photodetachment of negative ions by lasers.
In SFA, it was assumed that electrons released into the
continuum can be described as a free electron in the laser
field, and that there are no excited states in the target
atom. Both approximations are expected to work better
for negative ion targets than for atomic targets. Indeed
our calculations showed that the total electron energy
spectra and the electron momentum spectra at low en-
ergies calculated from the SFA are in quite good overall
agreement with the TDSE results, to within about a fac-
tor of two. Such agreement has not been seen if the tar-
gets are neutral atoms or positive ions [15]. Our major
goal, however, is to establish that high-energy electron
momentum spectra of negative ions induced by intense
short laser pulses can be used to extract the elastic dif-
ferential cross sections of neutral atoms by free electrons.
Similar conclusions have been shown recently for atoms
where electron-ion scattering cross sections can be ex-
tracted from laser-induced high-energy electron momen-
tum spectra of neutral atoms [16].
In Section II, we summarize the theoretical models
used. The numerical results for H− and F− from SFA
and TDSE are presented and analyzed in Section III,
for both the energy distributions and the 2D momentum
distributions. From the high-energy 2D photoelectron
momentum distributions we will extract the e-H and e-F
elastic scattering cross sections. In Section IV we summa-
rize the results and discuss the important possible appli-
cations of using laser-induced photoelectron spectra for
probing time-resolved electron-atom or electron-molecule
collisions. Atomic units are used throughout, unless oth-
erwise indicated.
II. THEORETICAL METHODS
We will model each negative ion in the single-active
electron (SAE) approximation. In this model, the time-
dependent wavefunction of the active electron in the laser
field is governed by
i
∂
∂t
ψ(r, t) = [H0 +H
′(t)]ψ(r, t) (1)
2where H0 = −
1
2∇
2 +V (r) is the electron Hamiltonian of
the laser-free system, with V (r) being the atomic model
potential, and H ′(t) = r · E(t) is the interaction of the
electron with the laser’s electric field E(t). Equation
(1) can be solved numerically by using the split-operator
method [17, 18]. The electron momentum spectra are ob-
tained by projecting out the final time-dependent wave-
function after the laser pulse is over using the continuum
scattering eigenstates of the laser-free Hamiltonian. For
electrons with momentum p in the direction pˆ, with re-
spect to the laser polarization direction, if the detach-
ment amplitude is f , then the angular distributions at
energy E = p2/2 is given by
∂P
∂p
= |f(p)|2. (2)
This equation can also be rewritten in terms of 2D mo-
mentum distributions. By integrating over the directions
of photoelectrons at a fixed energy E, the energy depen-
dence of the photoelectrons are calculated from
∂P
∂E
=
∫
|f(p)|2pdpˆ. (3)
In the strong-field approximation, the detachment prob-
ability of electrons with momentum p is expressed as [19]
f(p) = f (1) + f (2) (4)
where the first-order of SFA amplitude (SFA1) is
f (1) = −i
∫ ∞
−∞
dt
〈
χp(t) |H
′(t)|Ψ0(t)
〉
(5)
and the second-order of SFA amplitude (SFA2) is
f (2) = −
∫ ∞
−∞
dt
∫ t
−∞
dt′
∫
dk
〈
χp(t) |V |χk(t)
〉
×
〈
χk(t
′) |H ′(t′)|Ψ0(t
′)
〉
(6)
Here χp(t) and Ψ0(t
′) are the Volkov states of a con-
tinuum electron with momentum p and the initial state,
respectively. The evaluation of the integral (6) has been
discussed in [19]. In SFA2, we have used the saddle
point approximation in evaluating the integration over
dk where k is the momentum of photoelectron in the
intermediate Volkov state. Otherwise all the integrals
are evaluated numerically without additional approxima-
tions.
For the model potential, for H−, we take it from [20]:
V (r) = −(1 +
1
r
)e−2r −
αd
2r4
(1− e(r/rc)
6
) + V0(r) (7)
where V0(r) = (c0 + c1r + c2r
2)e−βr.
Note that the polarization of the core (H atom) has
been included in (7), with αd and rc being the polar-
izability and the cutoff constant, respectively. The pa-
rameters in (7) are listed in Ref. [20]. For the negative
fluorine ion, we chose the potential to have the form,
V (r) = −a1
e−α1r
r
− a2
e−α2r
r
. (8)
10-9
10-7
10-5
10-3
10-1
101
 0  2  4  6  8  10  12
Pr
ob
ab
ilit
y 
de
ns
ity
 (a
.u.
)
Energy/Up
TDSE
SFA
SFA1
SFA2
FIG. 1: (Color online) Energy spectra of laser-induced pho-
toelectrons of H− obtained from TDSE (red solid line) and
from SFA (green dotted line). The laser parameters are
I = 1.0 × 1011 W/cm2 and λ = 10600 nm for a pulse with 3
optical cycles (see text).
From fitting, the parameters a1, a2, α1 and α2 obtained
are 5.137, 3.863, 1.288 and 3.545 respectively. This po-
tential gives the correct ground state energy of the neg-
ative fluorine ion, and its lowest p-orbital eigenfunction
agrees well with the tabulated Hartree-Fock wavefunc-
tion for F−.
III. RESULTS AND DISCUSSION
We used the TDSE and SFA to calculate the energy
spectra and the 2D momentum distributions of H− and
F− in intense laser fields. For H−, we took peak laser
intensity of I = 1.0×1011 W/cm2, wavelength λ = 10600
nm and pulse duration of 3 cycles. The electric field
has the form E(t) = E0F (t) cos(ωt + φ) where φ (we
chose it to be zero) is the carrier envelope phase, and
F (t) = cos2(pit/τ) where τ = 3T (|t| ≤ τ/2), with T
being the period of the laser. For this laser pulse, the
ponderomotive energy is 1.05 eV, and it needs 16 photons
(h¯ω = 0.117 eV) to remove the electron from H−. The
Keldysh parameter is 0.6, thus the electron detachment
is well in the tunnelling regime.
In Fig. 1 we show the calculated energy spectra of the
detached photoelectrons where the energy is expressed in
units of Up. In the SFA, the low-energy part below about
3.5 Up is dominated by SFA1, while the yield above 4Up
is dominated almost entirely by SFA2, i.e., it is due to
the recollision between the detached electrons with the
neutral target H. The figure also shows that the energy
spectra obtained from SFA are only about a factor of two
smaller than those obtained from the TDSE. For neutral
atom or positive ion targets the absolute total ionization
yields calculated using SFA are generally much smaller,
close to one order or more smaller than those obtained
from TDSE [15].
Fig. 2 shows the 2D momentum distributions of the
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FIG. 2: (Color online) 2D momentum distributions of laser-
induced photoelectrons of H− in the low energy region, ob-
tained from TDSE (a) and from SFA (b). The horizontal axis
is the electron momentum along the direction of laser polar-
ization and the vertical axis is any axis perpendicular to it
(the electron spectrum has cylindrical symmetry.) The laser
parameters are the same as in Fig. 1.
detached electrons at low energies where p|| refers to the
direction of the laser polarization and p⊥ =
√
p2 − p2|| is
perpendicular to it. We normalized the data to the same
peak value in the two graphs. There are several special
features that should be mentioned. First, the 2D spectra
predicted from SFA1 and from TDSE are very close to
each other. Second, the 2D spectra exhibit clean struc-
tures that may be attributed to multiphoton detachment
(MPD), despite that it is in the tunneling regime. It is
interesting to compare these low-energy 2D momentum
spectra with those from neutral atomic targets [17]. To
begin with, for atomic targets, the low-energy momen-
tum spectra show fan-like structure emanating from the
origin. These fan-like structures have been observed ex-
perimentally [21, 22], and are seen only from the TDSE
calculations, not from the SFA1 calculations. The fan-
like structures had been attributed to the long-range
Coulomb interaction between the electron and the pos-
itive atomic ion after the atom is ionized by the laser
[17, 23]. For negative ion targets, there is no long-range
Coulomb interaction between the electron and the neu-
tral atom following the detachment of the electron by the
laser, thus the fan-like structure is absent in the TDSE
results, as shown in Fig. 2(a). Figs. 2(a) and (b) both
show clear MPD peaks. The angular distribution of the
lowest MPD peak has a maximum at 90◦ (even parity),
thus the dominant angular momentum quantum number
should be even. For atomic targets, the dominant angu-
lar momentum of the photoelectrons at low energies can
be calculated from the propensity rule given in Chen et
al. [17]. Since the minimum number of photons needed to
remove the electron at the laser intensity used is 16 and
that the ground state of H? is an s-orbital, Fig. 8 of Chen
et al. [17] shows that the dominant angular momentum
is six, and thus the parity is even, in agreement with the
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FIG. 3: (Color online) Angular distributions of laser-induced
photoelectrons of H−, generated by a laser with (a) wavelengh
λ = 2150 nm, intensity I = 1.3 × 1011 W/cm2, for electron
energy E = 0.34 eV; (b) for intensity I = 6.5× 1011 W/cm2,
and electron energy E = 0.12 eV. The TDSE and SFA results
are compared to the experimental data of Ref. [3].
calculated results shown in Fig. 2. Note that the next
MPD peak would have odd parity since one more photon
is absorbed, as clearly seen from the calculated spectra.
Low-energy photoelectron angular distributions of H−
have been reported by Reichle et al. [3] using lasers with
λ = 2150 nm (h¯ω = 0.576 eV), pulse duration (FWHM )
of 250 fs, at two peak intensities I = 1.3 × 1011 W/cm2
and I = 6.5 × 1011 W/cm2, corresponding to Keldysh
parameters of 2.6 and 1.2, respectively. Unlike the previ-
ous example, this is in the multiphoton regime. In fact,
the first low-energy photoelectron peak can be attributed
to two-photon absorption. In Fig. 3 we show the angu-
lar distributions for photoelectron energy at 0.34eV for
I = 1.3× 1011 W/cm2 and at 0.12 eV for I = 6.5× 1011
W/cm2. We compare the experimental data with SFA1
and with TDSE calculations. Both the SFA1 and the
TDSE results agree well with the experimental results
[the actual values from SFA1 shown have been scaled to
agree with the TDSE results at small angles in (a) and at
90◦ in (b)]. Note that it appears that the SFA1 results
are in better agreement with the experimental data in
Fig. 3(a) than the TDSE results. However, the volume
effect is not included in our calculations and we consid-
ered the agreement satisfactory. Our calculations also
showed that the angular distributions are independent of
the pulse durations.
Next we return to the laser parameters used in Figs. 1
and 2, and study the 2D momentum distributions of the
detached electrons in the high energy region. It is well
known that these high energy electrons are generated by
the rescattering processes. In order to highlight these
high-energy features, in Figs. 4(a) and 4(b) we show the
2D momentum distributions by renormalizing them such
that the total ionization probability density at each en-
ergy is the same. The results from the TDSE and from
SFA appear to be quite similar globally. Here we focus
on the outermost ring of the 2D spectra. The distribu-
4-0.6
-0.4
-0.2
 0
 0.2
 0.4
 0.6
-1.5 -1 -0.5  0  0.5  1  1.5
t / T
(c)
a
b
E(t)/ω
A(t)
 0.2
 0.4
 0.6
 0.8
 1
 100  120  140  160  180
Pr
ob
ab
ilit
y 
(A
rb.
 un
its
)
θr (deg)
(d)TDSE Yield on BRR
Elastic Scattering
SFA Yield on BRR
1st Born Scattering
 0
 0.2
 0.4
 0.6
 0.8
 1(b)
-0.9 -0.6 -0.3  0  0.3  0.6  0.9
SFA
p|| (a.u.)
p ⊥
 
(a.
u.)
(a)
-0.9 -0.6 -0.3  0  0.3  0.6  0.9
 0
 0.3
 0.6
 0.9
TDSE
FIG. 4: (Color online) (a,b): 2D momentum distributions of
laser-induced photoelectrons for H− in the high energy region,
obtained from TDSE and SFA, respectively; (c) The electric
field and the vector potential of the 3-cycle pulse are depicted,
indicating the ”born time” of the detached electron and its re-
turn time;(d) Elastic scattering cross sections extracted along
the BRR from the TDSE calculations (red solid line), and are
compared to the electron-H scattering cross sections (green
dotted lines). Also shown are the corresponding results from
SFA and from FBA.
tions along this ring have been studied for laser-generated
photoelectrons from neutral atoms recently [16]. They
are called back rescattered ridge (BRR) electrons, rep-
resenting returning electrons that have been rescattered
into the backward directions by the target ion. The BRR
electrons in Fig. 4(a) or 4(b) are electrons that have been
rescattered into the backward directions by the neutral
atomic hydrogen. In Fig. 4(c), we depict the electric
field and the vector potential of a three-cycle laser pulse
used in the calculation. Electrons that are released at the
half-cycle centered at ”a” [see Fig. 4(c)] will return near
”b”, with peak kinetic energy at p2r/2 = 3.17U¯p where
U¯p = A
2
r/4, with Ar being the vector potential at ”b”.
An electron that is scattered into the backward direction
with momentum prpˆr at ”b” will gain additional mo-
mentum Ar as it emerges from the laser field. Thus the
momentum of the BRR electrons at the end of the laser
pulse is given by p = −Ar +pr, or p|| = −Ar − pr cos θr
and p⊥ = pr sin θr, where pr = 1.26Ar. Here θr is the
scattering angle measured from the ”incident” direction
of the recolliding electrons and for BRR, we consider θr
larger than only. (The BRR ring is indicated by show-
ing an arrow with length from its shifted center in Figs.
4(a) and 4(b).) In Fig. 4(d) we show the yield of the
photoelectrons along the BRR, plotted against the scat-
tering angle θr. On the same graph we also show the
differential elastic cross sections of electrons scattered by
atomic hydrogen. For the laser parameters used in this
example, Ar = 0.39 and thus the electron’s kinetic en-
ergy is p2r = 3.28 eV. In Fig. 4(d), the yields along the
BRR obtained from the TDSE calculations are compared
to ”exact” electron-hydrogen differential scattering cross
sections (normalized), and they are in good agreement.
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FIG. 5: (Color online) (a) Energy spectra of laser-induced
photoelectrons of F− obtained from solving the TDSE. The
laser parameters are I = 1.3× 1013 W/cm2 and λ = 1800 nm
for a pulse with 3 optical cycles; (b) 2D electron momentum
distributions in the high energy region; (c) Elastic scattering
cross sections, extracted along the BRR from the TDSE (red
solid line) calculation, as compared to the e-F elastic scatter-
ing cross sections (green dotted line).
On the same graph, the yields from the SFA2 calcula-
tions are compared to the differential elastic e-H scat-
tering cross sections calculated in the first Born approx-
imation (FBA) and they also show good agreement be-
tween them. In the SFA2, the returning electron interacts
with the H atom only once and thus the elastic scattering
cross section is given by the FBA. The yields along the
BRR obtained from the TDSE solution and from SFA2
are clearly different. In particular, the extracted elastic
differential cross section from TDSE shows a minimum
and becomes larger at large angles. The one extracted
from SFA2 or from FBA show that the differential cross
sections decrease monotonically with increasing angles.
We thus confirm that one can extract differential elastic
e-H scattering cross sections in the backward directions
from laser-induced photodetachment of H? ions by in-
tense short laser pulses.
We have carried out similar studies for F− ions, us-
ing a 3-cycle laser pulse with wavelength λ = 1800 nm
and peak intensity I = 1.3 × 1013 W/cm2. The pon-
deromotive energy Up is 3.93 eV. In this case, it needs
11 photons to remove the electron from F−. We show
the energy spectra of the detached electron from F− ions
in Fig. 5(a). In Fig. 5(b), we show the 2D momentum
distributions of the detached electrons for F− calculated
using TDSE, and focusing on electrons along the BRR.
The yields along the BRR show a clear minimum. This
minimum is due to the minimum in the differential scat-
tering cross sections between the electrons and neutral
fluorine atoms. For the laser parameters used, we calcu-
lated that the returning electron energy is 11.8 eV. In Fig.
5(c) we show extracted differential scattering cross sec-
tions from laser-induced momentum distributions along
the BRR, and compare the results with the calculated
elastic e-F scattering cross sections. The good agree-
5ment between the two demonstrates once again that one
can extract electron-atom scattering cross sections from
laser-induced photoelectron momentum distributions of
negative ions.
IV. SUMMARY AND PERSPECTIVE
In this paper we studied the photodetachment cross
sections of atomic negative ions by an intense laser pulse,
using the first-order and second-order strong-field ap-
proximations (SFA1+ SFA2), and by solving the time-
dependent Schr?dinger equation (TDSE) directly. We
established that the electron energy distributions and the
2D electron momentum distributions obtained from SFA
and from TDSE are quite close to each other. On the
other hand, there are important differences in the 2D
electron momentum distributions at high energies. These
electrons are identified to be distributed along the so-
called back rescattered ridge (BRR). From the 2D mo-
mentum distributions along the BRR, we showed that
elastic scattering cross sections between free electrons
with neutral atom targets can be accurately extracted. In
other words, we have shown that specific structure infor-
mation which has previously been probed with electron
scattering can also be obtained from the photodetach-
ment of the negative ions by short intense laser pulses.
The results from this work have two important implica-
tions. Since the laser pulses have short durations down
to a few femtoseconds, the present results imply that
one can probe the time-evolution of a transient negative
ion system using this method, similar to what one can
do with neutral targets [16, 24]. Second, it shows that
one can extract electron-atom or electron-molecule scat-
tering cross sections by carrying out photodetachment
measurements of their negative ions with intense laser
pulses. One can control the electron scattering energies
by changing laser’s intensity or wavelength. For many
atomic and molecular species, including radicals, it may
be easier to produce or control their negative ions than
their neutrals. In this case photodetachment of negative
ions by intense short laser pulses can potentially offer
a much better means for measuring electron scattering
cross sections.
Although we have carried out calculations using nega-
tive atomic ions treated by a model potential, we believe
that our conclusions applies to real many-electron atomic
and molecular systems. In fact, it is well-known that
electron scattering off an atom or molecule cannot be ac-
curately described using a simple model potential at low
incident energies. At present, it is not possible to obtain
accurate 2D momentum spectra for many-electron atoms
or molecules from TDSE. If accurate laser-generated elec-
tron spectra are available, one would expect the data to
reveal many-electron effects. For example, in electron-
hydrogen atom scattering, in Fig. 4d we show that the
differential cross section has a minimum at 120◦ accord-
ing to the model potential we have used. Experimental
data by Williams [25] at E = 3.4 eV indicated that the
minimum occurs closer to about 80◦ (At 8.7 eV the mini-
mum is at about 115◦). To achieve agreement for electron
scattering at such low energies, more advanced theoreti-
cal models which treats both electrons together, such as
the Kohn variational principle [26], the polarized orbital
method [27] or close-coupling methods [28] are needed.
It remains to be seen if laser-induced photoelectron spec-
tra can measured with high precision such that many-
electron effects are revealed. Unlike electron scattering
which is a linear phenomenon, laser-induced photoelec-
tron yields are nonlinear phenomena. On the other hand,
the present paper shows that the extracted electron scat-
tering cross sections from the BRR are independent of
the laser parameters, including their intensity or wave-
length (and the duration [19]), so long that the returning
electron has the same energy. This may provide an added
check on the electron scattering cross sections extracted
from laser-induced photoelectron measurements.
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